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Abstract 

In this paper we generalize Brown's spectral distribution measure to a large class of 
unbounded operators affiliated with a finite von Neumann algebra. Moreover, we 
compute the Brown measure of all unbounded i?-diagonal operators in this class. 
As a particular case, we determine the Brown measure z = where (x,y) 

is a circular system in the sense of Voiculescu, and we prove that for all n E N, 
z n G LP (JVC, r) if and only if < p < jjjj. 



1 Introduction 



Let JVC be a finite von Neumann algebra with a faithful, normal, tracial state r, and let 

A(T) = exp(^ logtd/i| T |(^ 



denote the corresponding Fuglede-Kadison determinant. L. G. Brown proved in [B^ that 
for every T G JVC, there exists a unique, compactly supported measure \it G Prob(C) with 
the property that 

logA(T- Al) = /log |z- X\dfx T {z), AgC. 
Jc 

This measure is called Brown's spectral distribution measure (or just the Brown measure) 
of T. It was computed in a number of special cases in |HL| . |BLj . |DHj . and AH . 
In particular, it was proven in |HU Theorem 4.5] that if T G JVC is i?-diagonal in the 
sense of Nica and Speicher NSJ, then \x? can be determined from the S'-transform of the 
distribution \i\t\i- For simplicity, assume that T G JVC is an i?-diagonal element which is 
not proportional to a unitary and for which ker(T) = 0. Then \xt is the unique probability 
measure on C which is invariant under the rotations z > jz, 7 G T, and which satisfies 

MT (fi(0,S M|T|2 (t-l)^)) =t, 0<t<l. 



* Supported by the Danish National Research Foundation. 
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In this paper we extend the Brown measure to all operators in the set M A of closed, 
densely defined operators T affiliated with M satisfying 

POO 

/ log + td/i| T |(t) < oo. 

J 

Moreover, we extend |HL| Theorem 4.5] to all /^-diagonal operators in M A . Finally, we 
will study a particular example of an unbounded i?-diagonal element, namely the operator 
z = xy^ 1 , where (x, y) is a circular system in the sense of Voiculescu. 

The material in this paper is organized as follows: In section 2 we introduce the class M A 
and generalize the Brown measure to all T G M A by proving, that for such T, there is a 
unique \it G Prob(C) satisfying 

log + \z\ &\it{z) < oo 
and 

log A(T - Al) = f log \z - A| dfir(z), A G C. 
Jc 

Moreover, we extend Weil's inequality 

/ |*| p d#rC*)<||T||5 
Jc 

to all T G L P (M, r). The main results in section 2 are stated in the appendix of Brown's 
paper |Brj without proofs or with very sketchy proofs. Since the results of the remaining 
sections of this paper and of our forthcoming paper |HSj rely heavily on these statements, 
we have decided to include complete proofs. We will follow a different route than the 
one outlined in |Brj . For instance, we do not use the functions A f (T) and st(^) from |Br[ 
section 1]. 

In section 3 we introduce unbounded i?-diagonal operators and we prove the following 
generalization of |HI4 section 3]: The powers (S' n )^ =1 of an i?-diagonal operator are R 
diagonal, and the sum S + T and the product ST of *-free i?-diagonal operators are again 
i?-diagonal. Moreover, 

— ,,^ n 

fi\S+T\ = fi\S\® fi\T\, 
H\ST\ 2 = H\S\ 2 ^ M|T|2, 

where ft = + fi) denotes the symmetrization of a measure [i G Prob(lR), and ffl (Kl, 
resp.) denotes the additive (multiplicative, resp.) free convolution of measures (cf. |B Vj ) . 
These results are applied in section 4 to determine the Brown measure of -R-diagonal 
operators in M A . 

In section 5 we consider the operator z = xy~ x , where (x, y) is a circular system in the 
sense of Voiculescu, and we prove that the Brown measure of z is given by 

d.Uz(s) = — ; r-nTT dRes dims. 

7T(1 + |s| 2 ) 



2 



Moreover, we show that for all neN, z n , z n G L P (M, r) iff < p < and when this 
holds, 

(n + 1) sin (f 



, (n+lWp 

sin 1 - 



and 



The last two formulas play a key role in our forthcoming paper [Hjy on invariant subspaces 
for operators in a general Ilx-factor. 



2 The Brown measure of certain unbounded opera- 
tors. 

In |Br| Appendix] Brown described in outline how to define a Brown measure for certain 
undbounded operators affiliated with M, where M is a von Neumann algebra equipped 
with a faithful, normal, semifinite trace. 

In this section we give a more detailed exposition on the subject in the case where M is 
a finite von Neumann algebra with faithful, tracial state r. To be more explicit, we show 
how one can extend the definition of the Brown measure to a class M A of closed, densely 
defined operators affiliated with M. We also prove that many of the properties of the 
Brown measure for bounded operators carry over to the unbounded case. 

We let M denote the set of closed, densely defined operators affiliated with M. Recall 
that every operator T G M has a polar decomposition 

poo 

T = U\T\ = U tdE m (t), (2.1) 
Jo 

where U G M is a unitary, and the spectral measure E\t\ takes values in M. In particular, 
for T G M we may define fi\T\ £ Prob(M) by 

m (B)=T(E m (B)), (B G B). (2.2) 
2.1 Definition. We denote by M A the set of operators T G M fulfilling the condition 

POO 

r(log + |T|)= / log + (t)d//| T |(t)<oo. (2.3) 
For T G M A , the integral 

POO 

/ logtdn\ T \(t) G MU {-oo} 
Jo 

is well-defined, and we define the Fuglede-Kadison determinant of T , A(T) G [0, oo), by 

A(T)=exp(^ log*d0| T ,(f)). (2.4) 
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Note that for T G M, A(T) is the usual Fuglede-Kadison determinant of T. 



2.2 Remark. If T G L P (M, r) for some p G (0, oo), then 



poo 



/ t p djj m (t) < oo, 



implying that 



poo 




■oo 



log(t^d m (t)<- 




Jl 



/ logtd^in(t) 



t P d/J,\T\(t) < oo, 



and hence T G M A . 

2.3 Lemma. If T G M A and A(T) > 0, then T is invertible in M, T _1 G M A , and 
A(T _1 ) = ^. 

Proo/. If T G M A and A(T) > 0, then 



Hence, r(£ m ({0})) = //|t|({0}) = 0, so that ker(T) = {0}. Since M is finite, also 
ker(T*) = {0}, which implies that T has a closed, densely defined inverse T _1 G M. Take 
a unitary [/ G M such that T = U\T\. Then 

|T _1 | = UlT^U*. 

Hence, /j,\t-i\ = H\t\- 1 - Since /j,\t\-i is the push-forward measure of /i\t\ via the map 
1 \— > |, we now have that 





< oo. 



Hence, T" 1 G M A and 



/ 

Jo 



■oo 



(-) d/i m (t) = -logA(T), 



logA^- 1 ) 



log 



2.4 Lemma. Let Tel. Then the following are equivalent: 

(a) T G M A , i.e. J °° log + (t) d/i m (t) < oo. 

(b) T = AB- 1 for some A, B e M with A(B) > 0. 

(c) T = C~ X D for some C, D G M with A(C) > 0. 

Moreover, ifT G M A andT = AS" 1 = C" 1 /} for some A, B.C.DgM with A(B), A(C) > 
0, tii en 

A(J j " A(B) ~ A(C) • (2 ' 5j 

Proo/. If T G M A , then T = U\T\ for some unitary {/ G M, and T = AB' 1 , where 

A = f/|T|(|T| 2 + 1)-^ 61 (2.6) 

and 

B = (|T| 2 + l)-5 £ 1. (2.7) 
Since | log(t 2 + 1) < log(2t) when t > 1, we get that 

1 Z" 00 

logA(s) = -- y o io g (i 2 + i)d/.| T |W 

> -\ I \og2d m {t)- I log(2t)d/i| T |(t) 

1 ^[0,l[ ./[l,oo[ 

> — oo, (2.8) 

that is, A(£) > 0. 

Also, T = C/|T|[/*[/, and with 

S = U\T\U*, (2.9) 
C = (S* 2 + g M, (2.10) 

and 

D = ,S(5 2 + 1)"3 G M, (2.11) 
we have that T = C~ 1 DU . Moreover, 



1 Z" 00 

logA(C) = -- J log(t 2 + l)d/i 5 (0 
1 Z" 00 

= ~2 y o iog(t 2 + i)d/i m (t) 



> — oo, 

i.e. A(C) > 0. 



Now we have shown that (a) implies (b) and (c). On the other hand, if T = AB 1 for 
some A,5eM with A{B) > 0, then we may assume that B > 0. Then 

r(log + |T|) < r(log(l + |T| 2 )) 

= r(log(l + B- 1 A* AB' 1 )). 

Since B~ 1 A*AB~ 1 < ||v4|| 2 .B _2 , and since t t— > log(l + 1) is operator monotone on [0, oo), 
we get that 

r(log+|T|) < r(log(l + p|| 2 £T 2 )) 

< r(log((l + P|| 2 )(l + J B- 2 ))) 

= log(l+ p|| 2 ) + r(log(l + 5- 2 )). 

Since B is bounded and A(B) > 0, 

r(log(l + 1T 2 )) = r(log(5 2 + l))-2r(log£) 

< log(|| J B|| 2 + l)-2A( J B) 

< oo. 

This shows that T G M A , i.e. (b) implies (a). It follows that if T = C~ X D for some 
C.DeM with A(C) > 0, then T* G M A . Take a unitary U G M such that T = C/|T|. 
Then |T*| = U\T\U*, implying that H\t*\ = A*|r|- Hence T belongs to M A as well, and (c) 
implies (a). 

Now, let T G M A . Then T = AB' 1 = C^D for some A, B, C, D G M with A(B), A(C) > 
0. Moreover, for all such choices of A, B, C and D, 

CA = C(AB- l )B = C(C- 1 D)B = DB. 

Since A is multiplicative on M (cf. |FuKaj ) . it follows that 

A(C)A{A) = A{CA) = A(DB) = A(D)A(B). 

Hence, 

^ = WL. (2.12) 
A(B) A{C) 1 ' 

In particular, with A and B as in (|2.fij) and (|2.7jl . respectively, we have that A (B) > 0, 
T = AB~\ and 



and 



iogAM =r iog (^TT) d " m(i) ' 

lo g A(B) = J Tlog(-^=)d, W ( t ), 



so that 

log A(T) = log A(A) - log A(B). 
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Then by fl2~T2l. for all choices of C, D G M with A(C) > and T = C~ l D, 

A{C) A(B) 1 ; 

Then finally, by (fTT2jl . for all choices of A, B G M with A(5) > and T = AB~\ we 
also have that 

2.5 Proposition. If S,T e M A , then ST G M A , and 

A(ST) = A(5)A(T). (2.13) 

Proo/. Let S,T E M A Take A.S.C.DgM with A(£), A(C) > 0, such that T = AB' 1 
and 5 = C- 1 ^. Then 

ST = C~ X DAB~ X , 

where DAB' 1 G M A Hence there exist E, F G M with A(E) > such that DAB' 1 = 
E~ l F. It follows that 

ST = C- l E- l F = (EC)- l F, (2.14) 

where EC, FgM, and A(EC) = A(E) A(C) > 0. That is, ST belongs to M A 

To prove J23HJ), we let A, 73, C, -D, £, F be as above. Applying to ST = (EC^F, 
S = C~ l D and T = AB'\ we get that 

A(ST) = = A(F) = A ^ 1 = A ^) = A(S)A(T) 

1 ; A(£C) A(£)A(C) " A(B) A(C) A(S) A(C) 1 ; 1 

2.6 Proposition. M A is a subspace of M. In particular, for T G M A and A G C, 
T — Al G M A . 

Proo/. Clearly, if T G M A and a G C, then aT G M A If S, T G M, choose A,5,C,DgM 
with A(S) > 0, A(C) > and such that 

S^C^D, T = AB-\ 

Then 

5 + T = C- 1 ( J D5 + CA)fi- 1 , 

where -DP + CA G M and B' 1 ,^ 1 G M A (cf. Lemma Q . Then, by Proposition 1231 
5 + T G M A . ■ 



In the following we consider a fixed operator T G M A . Then we define / : C — > [— oo, oo) 
by 

/(A) = L(T - Al) := log A(T - Al), (A G C). (2.15) 
The next thing we want to prove is: 
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2.7 Theorem. / given by (I2.15JI is subharmonic in C, and 

d/iT = ^V 2 /dA (2.16) 

(taken in the distribution sense) defines a probability measure on (C, B 2 ). \lt is the unique 
probability measure on (C, B 2 ) satisfying 



(i) 

(u) 

Moreover, 
(hi) 



/ log + \z\ dyUr(z) < oo, 
Jc 



VAgC: L(T- AI) = [ \og\X- z\du. T (z). (2.17) 

Jc 



[ log + \z\ dfi T (z) = ±- r f(e ld ) 69. (2.18) 
Jc 27r Jo 



The following lemma was proven by F. Larsen in his unpublished thesis (cf. jLall sec- 
tion 2]. For the convenience of the reader we include a (somewhat different) proof. 

2.8 Lemma. Let a,b £ M and let e > 0. Dehne g £ , g : C — > R by 

&(A) = |r(log((a - A6)*(a - A6) + el)), 

and 

<?(A) = logA(a-A&). 

Then p e is subharmonic, and if g(X) > — oo for some A £ C, then g is subharmonic as 
well. 

Proof. Let Ai = Re(A), A 2 = Im(A), A £ C. At first we show that (Ai, A 2 ) > g £ {Xi + iA 2 ) 
is a C 2 -f unction in M 2 . Fix e > 0, and define h, k : C — > M by 

fc(A) = (o-A6)*(o-A6) + el, 
fc(A) = (a-A6)(a-A6)* + el. 

Then h and are second order polynomials in (Ai, A 2 ) with coefficients in M, and h(X) > 
el, fc(A) > el for all A £ C. Hence, by jHH Lemma 4.6], 

g e (X) = \r(\ogh(X)), A£C, 

has continuous partial derivatives given by 

ffpH'-'ft). 
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Therefore, by |HT| Lemma 3.2], g £ is a C 2 -function with 

d 2 9e 



dXidXj 2 



|r ( - h-i§-h-i§- + h-^) , z = 1, 2, j = 1, 2. (2.19) 



Since g £ is C 2 , g £ is subharmonic if and only if its Laplacian 

d 2 g e , d 2 g £ 



+ 



dX 2 dX 2 

is positive. Following standard notation, we let 



d 1 ( d d \ . d 1 / d d 
— !t^— and — = = - — — h l- 



dX 2\dX 1 d\ 2 J dX 2\dX 1 <9A 5 

Then 

d 2 g £ d% _ d 2 g £ 



dX 2 dX 2 dXdX 
By application of (j2.19j) . we find that 



^(-^ 1 i^ 1 t + ^ 1 ^)- (2-20) 



Since 
we have 



and 



d 2 g £ , 

OXdX " ; ' T " 1JX " " XA 



h(X) = a*a - Xa*b - Xb*a + \X\ 2 b*b + el 



dh - 

= - a *b + Xb*b =-{a- Xb)*b, 

OA 

dh 

-= = -b*a + Xb*b = -b*{a - Xb), 
dX 



d 2 h 

b*b. 



dXdX 

Applying the identity x(x*x + el) -1 = {xx* + el)~ l x to x = a — Xb, we find that 

d 2 h dh x dh x 

=h — = bb — bx(xx + el) xb 



dXdX dX OX 



b*b - b*(xx* + el)~ 1 xx*b 
b*b-b*(l-e(xx* + el)~ 1 )b 
eb*(xx* + eVj^b 



Then by (J2H3), 



rj2 

|r(/i(A)- 1 6*A;(A)- 1 6) 



dXdX 



= |r(/i(A)-U*A;(A)- 1 6/i(A)-i; 
> 0, 
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showing that g £ is subharmonic. 

Fix A G C, and let x = a — Xb as above. Then 

^(A) = |/l Wl log(* 2 + £ )d/i N (t), 

and 

g(\) = Ut 11 log(t 2 )d/i|,|(t). 
Hence, g e is a monotonically decreasing function of e > 0, and 

0(A) = lim g e (\). 

£->Q+ 

According to |HKj . g is then either subharmonic or identically — oo. ■ 

2.9 Proposition. Let T e M A . Tien the function f : C — > [—00, oo[ given by 

/(A) = logA(T-Al) 

is subharmonic in C. 

Proq/. Define T b T 2 G M by 

7i = T{T*T + l) - ^ (2.21) 

and 

T 2 = (T*T + l)"i (2.22) 

Then for every A G C, 

T - Al = (Ti - AT 2 )T 2 ~ 1 , 
where A(T 2 ) > (cf. (jZHj)). Thus, T - Al G M A with 

A(T - Al) = A(Ti - AT 2 )A(T 2 )- 1 , 

i.e. 

/(A) = L(T - Al) = L{Ti - AT 2 ) - L(T 2 ). (2.23) 

Then by Lemma f2. 81 / is either subharmonic or identically —00. With 

h(X) = L(T 2 -XT 1 )-L(T 2 ), 

h(0) = > —00, and it follows from Lemma 12.81 that h is subharmonic. In particular, 
h(X) > —00 for almost every A G C w.r.t. Lebesgue measure. For A G C \ {0}, 

/(A) = log I A|. 

Hence, / is not identically —00. ■ 
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Recall from |HK| Section 3.5.4] that one can associate to every subharmonic function u the 
socalled Riesz measure fj, u , which is a positive Borel measure on M. 2 uniquely determined 
by 

V0GC c °°(M 2 ): / uV 2 <pdm= [ 0d/i u . (2.24) 



2tt„ 

One uses the notation dfi u = ^\/ 2 udX, and this is what is meant by (j2.16j) . 

In order to prove the rest of Theorem 12 .71 we need some general lemmas on subharmonic 
functions: 

2.10 Lemma. Let g : C — > [— oo, oo[ be a subharmonic function, and for r > define 



1 f 2n 
^ Jo 



(2.25) 



Then 



M(g,r) = sup g{z). (2.26) 

\z\=r 



g(0) = limm(g,r) = \mvM(g,r). (2.27) 

r— >0 r— >0 



Proof. Clearly, m(g,r) < M(g,r) for every r > 0. Moreover, since g is subharmonic, 
g(0) < m(g,r), (r > 0). It follows that 

q(0) < { Um SUPr ^° r ^ - lim sup ^o M (9 , r) > 2 2g , 

liminf r _^o m (fl , ) r ) < liminf r .^ ^(5S r ) 

Now, every upper semicontinuous function attains a maximum on every compact set. In 
particular, there exists for every r > a complex number z r of modulus r such that 
g(z r ) = M(g,r). z r — > as r — > 0, and therefore 

<?(0) > lim sup g(z r ) = limsup M(g,r). (2.29) 

r-*0 r^0 

It follows from (jOHl and (|2~273J) that 

g>(0) < liminf m(g, r) 

i — >o 

lim sup r ^ m(g, r) 
lim inf r ^ M(g, r) 

< limsup M(g, r) 

< 9(0), 

so the four inequalities above are in fact identities, and this proves ()2.27|) . ■ 

2.11 Lemma. / given by ()2.15|) satisfies 

lim (M(f, r) — log r) = lim (m(f, r) — log r) = 0. (2.30) 



< 
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Proof. Define h : C — > [— oo, oo[ by 

h(X) — L(T 2 — XTi) — L(T 2 ), XeC. (2.31) 

Then h is subharmonic with h(0) = 0, and it follows from Lemma [2.101 that 

= \imm(h,r) = limM(/i,r). (2.32) 

Since 

fc(A)=log|A|+/(±), A^O, (2.33) 

we get that when r > 0, 

M(/,r) = M(h,±)+\ogr, 
m(/,r) = m(/i, J) +logr, 

and combining this with ()2.32j) we obtain the desired result. ■ 



2.12 Lemma. Let R > r > 0, and let g be subharmonic in C. Then with d/i = V 2 g dX 
and 



(logff) , |«|<r 
log (§) , r < |z| < i? 
, \z\ > R 

one has that 

m(g , R) — m(g , r) = / ^(z) d/i(z). (2.34) 



Proo/. Cf. jHH (3.5.7)]. ■ 

Proo/ o/ Theorem\2l[ When P > 1 > define ip R : C — > R by 

r logP , |*| < 1 
V^) = < log(f) , 1<|*|<P 
I , |^| > P 

Then, according to Lemma [2. 121 

M*) <W*) = m(/, R) - m(/, 1). (2.35) 



Now, j^-R^i? / 1 as ii ^ oo, so by the Monotone Convergence Theorem, ()2.35|) and 
Lemma f2.11[ 

m(/,P)-m(/,l) 
/xt(C) = hm — = 1, 

R-^oo logP 

that is, fir is a probability measure. 
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When R>1, let 

u R (z) = log R-ijj R {z), zeC. (2.36) 
Then ujr(z) /* log + \z\ as R — > oo, and hence by one more application of Lemma [2.111 

/ log + \z\ d/j,T(z) = lim / URdfj,T 
Jc ' " ' N •/ : 

= lim (log R-m(f,R) + m(f,l)) 
= m(/,l), 

proving ()2.18|) . Note that since / is subharmonic, (|2.18J) imlies that J c log + \z\ d[Pr(z) < 
oo. 

To see that ()2.17j) holds, it suffices to consider the case A = 0. Indeed, for fixed A 6 C 
one easily sees that fir-xi is the push-forward measure of \i? under the map z i— > z — A 
(cf. Lemma f2. 14)1 . and therefore 



\og\z - X\d^L T (z) = I log|2:|d/i T _ A i(z). (2.37) 
c Jc 

In the case A = one has to compute the integrals f c log 1 * 1 \z\ dfxr(z). We have just seen 
that 



/ log + | 2 |d/i T (^)=m(/,l), (2.38) 



and with 



r log 


. 1 

, r 


) M : 


log 


. 1 


, r < 




• 1*1 




I o 




, \A '■- 



Xr( z ) y log I z I as r \ 0. Hence by Lemma [2.101 and Lemma [2. 121 



/ log \z\ d[iT(z) = lim / XrdfiT 

Jc ' r ^°Jc 

= lim(m(/,l) -m(f,r)) 

= m(/,l)-/(0) 



Combining this with ()2.38j) we get that 

log\z\dfPr{z) = f(0) = L(T), 



as desired. 

In order to prove that \it is uniquely determined by (i) and (ii) of Theorem 12.7) suppose 
v G Prob(C) satisfies 

log + \z\ dv(z) < oo, (2.39) 
13 



and 



VAGC: f]og\z-\\dp(z) = L(T-\l). (2.40) 
Jc 



Note that ()2.39j) implies that J c log \z — X\ dv{z) is well-defined, since 

\og\z-X\ < ]og(\z\ + |A|), 

and 

\z\ + |A| < (|A + 1|) .max{l,|*|}. 

Hence 

log \z-X\< log(|A| + 1) + log + \z\. (2.41) 

Since \x and i/ are both probability measures, it follows from a C°°-version of Urysohn's 
Lemma (cf. |E3 (8.18)]) that if 



> d/iT = / (j> dv 
c Jc 

for every function <p G C£°(IR 2 ), then \xt = v. Then consider an arbitrary function 
4> G C^°(M. 2 ). Since the Laplacian of w i— > ^log \w — z\ (in the distribution sense) is the 
Dirac measure 5 Z at z, one has that 

{z)du(z) = J ( J 5 a {\)) M*) 

= ^^(^(V 2 0)(A)log|^-A|dA)d^). (2.42) 

At this place we would like to reverse the order of integration, but it is not entirely clear 
that this is a legal operation. Therefore we put M = || V 2 0||oo, arid take x £ C^°(M 2 ) such 
that < x < 1 and vi . =1. With 

^ 1 = I( M + V 2 0)x 

and 

^ 2 = I( M -V 2 0)x 

one has that ipi,ip 2 e C^°(R 2 ) + , and V 2 </> = Vi - ^2- 
Also not that, according to ([2.41J1 . 

/i(A, z) := log(|A| + 1) + log + |z| - log \z - A| > 0. 
Therefore by Tonelli's Theorem 

^i(X) I h(X, z) dv(z) dX = I ^i(X)h(X,z)dXdv(z), i = l,2. (2.43) 
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The map A i— > L(T — Al) is subharmonic and therefore locally integrable. Since 

/ h(\,z)dv(z) = log(|A| + 1) + / log + \z\ dv(z) — L{T — Al), 
Jc Jc 

where A t— > L(T — Al) is subharmonic and therefore locally integrable, 

/ h(X, z) dv(z) dA < oo, i — 1,2. 



It now follows from ()2.43|) that 

(V 2 0)(A) / h(X,z)du(z)dX 




y 2 0)(\)h(\,z) d\du{z) 



and since 



and 



we deduce that 



/ l(V 2 0)(A)| 
Jc 



log(|A| + l)dv(z) dA < oo, 



/ log" 




Jc 





[z) du(z) 



i Ic (l (V20)(A) bg ' A " A dA ) dZ7(z) 

Tj" - / (V 2 0)(A) / log|A-^|dz/(^)dA 
^ Jc Jc 

i-^(V 2 0)(A)L(T-Al)dA 



<f>(z) dfM T (z), 



and this is the desired identity. 



It follows from Theorem 12 . 71 that one can associate to every operator T G M A a probability 
measure \it on (C, B 2 ), such that in the case where T G M, \it agrees with the Brown 
measure of T. Therefore we make the following definition: 



2.13 Definition. For T G M A we shall say that the probability measure \lt from Theo- 
rem 12.71 is the Brown measure of T. 



In the remaining part of this section we will see that many of the properties of the Brown 
measure for bounded operators carry over to this more general setting. 

2.14 Proposition. Let T G M A . Then for every r > and every A G C, the Brown 
measure of rT + Al, fi r T+\i, is the push-forward measure of fix the map z t— > rz + A. 
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Proof. Making use of Urysohn's Lemma for C°°-functions on R 2 (cf. fFot (8.18)]) and the 
fact that both of the measures considered here are probability measures, one easily sees 
that if 

/ <f>(z) djvr +A i(z) = / <f){rz + X)dfi T {z) 
Jc Jc 

for every <fi G C^°(M 2 ), then the two measures in speak agree on compact sets and hence 
on all of B 2 . 

Let G C C °°(M 2 ). Then by definition, 

= i- / V 2 0M/(-(»-A))<ta 

= — / V 2 0M [X(rT + Al - wl) - logr] dw 

= / 0(w)d/i rT+A i(w) - logr ■ / V 2 0(w)du; 
./;. 7c 

0(w) d/vr+AiO), 



where the last identity follows from Green's Theorem. ■ 

2.15 Proposition. For every T G M A and every m G N, //t™ is the push-forward 
measure of \xt via the map z i— > z m . 

Proof. Let v G Prob(C) denote the push-forward measure of fiT under the map z i— ► z m . 
According to Theorem 12.71 it suffices to prove that 



and 



Here 





[ log^ 
Jc 


" \z\ dv(z) < 


oo, 


VA G C : 


/ log 

Jc 


A — z\ du(z 


) = L(T rn - Al 


/ log" 


- \z\ du(z) 


= [ log + 


\z m \dfi T {z) 


Jc 




Jc 





= m J log \z\ dfix(z) 
< oo, 
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and if we let #1, . . . , 9 m denote the m complex roots of Q(z) = z m — 1, then for every 
A G C, 



\\-z m \ = fj|M™ 



fc=l 



Hence 



f \og\X- z\dv{z) = [ log|A-z m |d/i r (^) 
Jc Jc 

= / Y]log|6» fc A™ - z\ d/i T { 
Jc k=i 



k=l 



l(J[(t - e k \*i] 



k=l 



L(T m - Al), 



as desired. ■ 

2.16 Proposition. IfT G M A with 

[ logtd m (t) > -oo, (2.44) 

then [It({0}) = A*|t|({0}) = 0, and T has an inverse T _1 G M A . Moreover, /i-r-i is the 
push-forward measure of u.t via the map z \— > z~ x . 

Proof. According to Theorem 12. 7\ 

/ \og\z\ dfx T (z) = L(T) = / logtd/i m (t). (2.45) 
Jc Jo 

Hence, if ()2.44j) holds, then 

-oo < / log \z\ dfi T (z) < oo, (2.46) 
Jc 

and therefore /^({O}) = /^|t|({0}) = 0. Moreover, |T| has an inverse |T| _1 G M with 

y iog + (t)d/i m -i(t) = j io g + (^)d/i| T |(t) 

= - logtd/X| T |(t) 

Jo 

< oo, 

so IT]- 1 G M A . Take C/ G U(M) such that T = U\T\. Then T" 1 = IT^C/* G M A . 
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Now, let v denote the push-forward measure of \lt under the map 21^2 1 . According to 
Theorem 12 .7[ if 

/ log" 1 " \z\ dv(z) < 00, 
Jc 

and 

VA G C : f log \z - A| dv{z) = L(T~ X - Al), 
Jc 

then v = /xt-i. Applying (|2.4fij) we find that 



(2.47) 
(2.48) 





1 


/ log + 




Ic 


z 



log \z\ dn T (z) 



(M<i) 



< 00. 



In order to prove that ()2.48|) holds, let A G C. If A 7^ 0, then, using the multiplicativity 
of A on M A , we find that 



log \z — A| dv(z) 



log 
log 



A 



d/i T (z) 



dfPr{z) 



A 



— z 



J (log |A| + log 
L(Al) + L(T-il)-L(T) 

l(ai(t-1i)t-; 

L(T- X - Al). 



log |*| ) du. T {z) 



In the case A = we have: 



log \ z\ du(z) 



\og\z\du. T (z) 

'c 
-L{T) 

LiT- 1 ). 



Hence f|2.48|) holds, and v = ■ 

2.17 Proposition. Let T G 1M A . Then supp(/i T ) C a(T). 

Proof. Let A G C \ o~(T). Then T — Al is invertible with bounded inverse. Moreover, 
according to Proposition 12.161 /U(t-ai)- 1 is the push-forward measure of [1t~\i via the 
map z 1— > zgC \ {0}. Since (T — Al) -1 is bounded, we have from [Br] that 



supp(/i (T -Ai)-i) C a((T - Al)" 1 ) C 5(0, r), 
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where r = \\(T — Al) 1 ||. Hence, 

supp(/i T _ A i) C {z £ C | \z\ > i}. 

In particular, ^ supp(/xr-Ai), which by Proposition 12. 141 is equivalent to A ^ supply). 
Hence, supp(/zr) Q o~(T). ■ 



2.18 Lemma. For every p £ (0, oo) and every t £ [0, oof, 

/■oo 

tP = p 2 / log + (at) a- p - 1 da. 
Jo 

Proof. For t = this is trivial. For it > we find that 

/oo /*oo 
log + (at)a~ p ~ 1 da = J log(at)a~ p ~ 1 da 



- log (at) a p 
V 



(2.49) 



oo -y 

a~ p da 

i p a 



p A 



We will now prove Weil's inequality for operators T in L P (M) (cf. |Br[ corollary 3.8] for 
the case T £ M): 



2.19 Theorem. Let p £ (0, oo) and let T £ L P (M). Then 

\z\ p dn. T (z) < \\T%. 



(2.50) 



In the proof of this theorem we shall need the following lemma, the proof of which we 
postpone for a while: 



2.20 Lemma. Let T £ M A . Then 

log + \z\ dfiriz) < r(log + \T\). 



(2.51) 



Proof of Proposition ^. 1 & Let a > 0. Then, according to Lemma f2. 141 and Lemma f2.20l 

/ \og + (a\z\)dfi T (z) = / log + \z\ d/j aT (z) 

poo 

< / l0g + td/i| aT |(t) 
JO 



log + (at)d/X| T |(t). 
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Hence by Lemma f2. 181 and Tonelli's Theorem, 



\z\ p dfi T (z) = P 2 f o (jiog + (a\z\)df^(z)\a- p - 1 da 

poo I poo \ 

< p 2 J I J log + (at)d/i m (t) ja-^da 



= rdTf). m 

In order to prove Lemma 12.201 we shall need some additional results: 

2.21 Lemma. Suppose A,B,C G M A with A and B invertible in M A and 



A C* 
C B 



> 0. 



Then 

A(C) < A(A)*A(B)*. (2.52) 
Proof. Note that A, B > and that 

1 A-5C*S-5\ /A-t \/i C*\ (A~* 



b-jca-* i y V B~*J\C BJ \ £-y-°' 

which is equivalent to saying that \\B~2CA~2 \\ < 1, and this clearly implies that 

A(£-5C7T5) < 1. ■ 
2.22 Lemma. For every S G M A , 

A(l + S) < A(l + \S\). (2.53) 

Proof. Take a unitary U G M such that 5* = i7|S'|. Then 

> 0, 



and 



whence 







OS 








(I 


T) 


+ 1 





>o, 



|Sl+£/ |5| + 1 



> 0. 
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Now Lemma [2.211 implies that 

A(S + 1) = A(U*(S + 1)) 

= A(U*(U\S\ + 1)) 
= A(\S\ + U*) 
< A(\S\ + 1)^(151 + 1)2 
= A(|5| + l), 

as desired. ■ 

2.23 Lemma. Every S G M A satisfies 

A(1 + |S 2 |)< A(1 + |S| 2 ), (2.54) 
implying that for arbitrary n G N, 

A(l + |5 2 "|)< A(l + |Sf ). (2.55) 

Proof. Take a unitary [/gM such that S" 2 = C | .S 2 1 . Since 

((S^) 2 S*s) = (I*) ( S * ^ " °' 
we find as in the foregoing proof that 

/ 1 + ss* u* + s 2 \ 
\U+(S*) 2 i + s*s) - 

Again this implies that 

A(l + \S 2 \) = A{S 2 + U*) < A(l + S*S)^ A(l + SS*)* = A(l + S*S), 

where the last identity follows from the fact that S* S and SS* have the same distribution 
w.r.t. r. ■ 

Proof of Lemma \2.2(A According to (|2.38J) we have: 

J log + \z\ &ii T {z) = ± J* f(e ie ) d9, (2.56) 

where 

/(A) = r(log |T - Al|) = log A(T - Al), A e C. (2.57) 
For every positive integer n define f n by 

2™-l 

/ n ( Z ) = 5]/(e^), zeC. (2.58) 

fc=0 
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Then clearly, 

-2tt 1 r2n 



Applying Lemma f2.22l and Lemma f2. 23! we obtain an estimate of f n (e l6 ): 

f n (e ie ) = 2 ^ 1 logA(e- 1 V^T-l) 



fc=0 

2™-l 



log A ( l[ (e-V^T-l) 



fc=0 



= logA(l-e- l2ne T 2 ") 

< logA(l + |T 2 "|) 

< logA(l + |Tf) 

= r(log(l + |Tf)). 



Combining (|2.5fi|) and (|2.59j) with the above estimate we see that 

/"log + |z|d/i r (z) < ^r(log(l + |T| 2 ")) 
Jc 

= 4 / log(l + ^)d^|T|(t) 



< 1 / log2d/x m (*) + ^ / (log2 + 2"logt)d/!| T |(t) 

Z </[0,l[ Z >/[l,oo[ 

21 °g2 /" i + , 
^ + / log + ^/i m (t). 

Z ./fO.oof 



Finally, let n — > oo, and conclude that 

/ log + |z| d// r (z) < / log + td//| T |(t). 

</C ./fO.oof 



2.24 Proposition. Let T e M A , and suppose P € M is a non-trivial T-invariant pro- 
jection, i.e. PTP = TP. Then 

A(T) = A PMP (PTPy^A P , MP 4P ± TP ± ) 1 -^ p \ (2.60) 

where Apjycp and Api^pi refer to the Fuglede-Kadison determinant computed relative to 
the normalized traces -^p-^T\ P j^ P and t ^ p ±^ t\ p ± mp ± on PM.P and F 1 MP 1 , respectively. 

Proof. Put T u = PTP, T l2 = PTP L and T 22 = P ± TP ± . Then, w.r.t. to the decompo- 
sition % = P(M) © P(^K)- 1 , we may write 



T 



T n T 12 \ = 1 Ul T 12 \ /T n 
T 22 lo T 2 J lo 1 M 1 
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where 

A 

and 



((; r y)=A^(i^r^)^ > 

A (( T o 1 f))= A ^ pTp y {p) - 



Thus, CTBl holds if 

J/ 

1 



A[ (J ^) 1=1. (2.61) 



To that flZBDl) holds, note that 



1 T 12 \ 1 (1 -T 12 



and hence 



Also, 



so that 



oiy Vo l 



1 T 12 \ \Jfl -T 12 



1 -T 12 \ _ /l Ul T 12 \ /l 

o l lo -17 VO l 7 VO -17 ' 



Al I 1 -MUa" 1 T » 



o 17 VO l 



and then by JZESJ, 



as desired. 



A 



1 T 12 
1 



2.25 Lemma. Let p G (0, oo), and let £ > 0. Then the map L £ : L P (M, r) — > R given by 
L £ (T) = \ r(log(T*T + el)), T G L*>(M, r), (2.63) 



is continuous w.r.t. \\ ■ \\ p . 



Proof. Suppose T, T n G L P (M, r) with 



lim ||T — T ra |L = 0. 

n^oo 



Then lim^oo \\T*T — T*T n \\iL = 0, implying that T*T n — ► T*T in the measure topology. 
Consequently, 

/z t *t = w* - lim Ht*t„ • (2.64) 

n— »oo 
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Define a sequence {y n )^=i of (finite) measures on (R, B) by 

dv n (t) = (l + t P 2)dn T * Tn (t), (2.65) 



and note that since Hindoo ||T n || p = ||T|| P , 



supi/„(R) < oo. (2.66) 



net 



Similarly define a finite measure v on (R, B) by 

du(t) = (1 + £2)d/x T » T (t). (2.67) 

Because of ()2.64|) we have that for every G C C (R), 

<j)(t)di/(t) = lim / 0(t)dz/ n (t). (2.68) 



When G Cq(R), may be approximated (uniformly) by functions from C C (R). Thus, 
taking ()2.66|1 and ()2.68|1 into account, one easily sees that 

poo poo 

/ 4>{t)dv{t) = lim / 4>{t)dv n {t). (2.69) 
Jo n ^°° Jo 



In particular, with 



4>(t) = l °f + £ \ (t > 0), (2.70) 

1 + £2 



dUnSj) implies that 

/•CO /*00 

L e (T) = / 0(£)dz/(£) = lim / <j>(t)dv n (t) = lim L £ (T n ). m 
Jo n ^°° Jo n ^°° 

2.26 Corollary. For p G (0, oo) the map L : L P (M, r) — ► [— oo, oo[ given by 

L(T)=r(log|T|), T G L P (M, r), (2.71) 
is upper semicontinuous w.r.t. \\ ■ \\ p . 

Proof. Indeed, this follows from Lemma f2. 2 51 since for every T G L P (M, r) we have that 

L(T)=ML £ (T). m 

£>0 
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3 Unbounded R— diagonal operators 



Consider a von Neumann algebra M equipped with a faithful, normal, tracial state r. 

3.1 Definition. For T G M with polar decomposition T = U\T\, we denote by W*(T) 
the von Neumann algebra generated by U and all the spectral projections of \T\. 

Note that T is affiliated with W*(T) and that W*(T) is the smallest von Neumann 
subalgebra of M with this property. 

If Mi and M2 are finite von Neumann algebras with faithful, normal, tracial states T\ and 
T2, respectively, then any ^-isomorphism <fi : Mi — > M2 with T\ = o <fi is continuous 
w.r.t. the measure topologies on the two von Neumann algebras and thus has a unique 
extension to a (surjective) ^-isomorphism <p : Mi — > M2. 

3.2 Definition. Let S,T G M. 

(a) We say that S and T have the same *-distribution, in symbols S ~ T, if there exists 
a trace-preserving *-isomporphism from W*(S) onto VV*(T) with <p(S) = T. 

(b) We say that S and T are *-free if and W*(T) are *-free. 

Note that in case S and T are bounded, the two definitions (a) and (b) given above agree 
with the ones given in |VDN| . 

Recall from |NS| p. 155 ff.] that if U, H G M are *-free elements with U Haar unitary, 
then UH is i?-diagonal in the sense of Nica and Speicher (cf. jNSj ). Conversely, if T G M 
is i2— diagonal, then T has the same *-distribution as a product UH, where U and H are 
*-free elements in some tracial C*-probability space, U is a Haar unitary, and H > 0. 
We therefore define i?-diagonality for operators in M as follows: 

3.3 Definition. T G M is said to be R-diagonal if there exist a von Neumann algebra 
X, with a faithful, normal, tracial state, and *-free elements U and H in 74, such that U 
is Haar unitary, H > 0, and such that T has the same ^-distribution as Z/iiZ". 



3.4 Remark. Note that if T G M is i?-diagonal with ker(T) = 0, then the partial 
isometry V in the polar decomposition of T, T = V\T\, is a unitary (M is finite). It 
follows from Definition 13.31 and Definition 13.21 that V is in fact a Haar unitary which is 
*-free from \T\. 

In this section we will see that certain algebraic operations on (sets of *-free) .R-diagonal 
operators preserve i?-diagonality, exactly as in the bounded case (cf. |HLj ) . Our proofs 
are to a large extent inspired by the techniques used in |HLj and in jLalj . In particular, 
we will repeatedly make use of jHLl Lemma 3.7] which we state here for the convenience 
of the reader: 
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3.5 Lemma. \HDj Let U £ M tea Haar unitary, and suppose § C M is a set which is 
*-free from U. Then for any n G N, 

(i) the sets §, USU* are *-free, 

(ii) the sets §, U$U*,...., E7 n - 1 S(l7*) n - 1 , {U n } are *-free, 
(hi) the sets USU* U n S(U*) n , {U n } are *-free. 

3.6 Proposition. If T G M is R-diagonal with ker(T) = 0, then T has an inverse 
T _1 G M, and T~ l is R-diagonal as well. 

Proof. Let T = V\T\ be the polar decomposition of T with V G M Haar unitary and 
*-free from |T|. Since ker(T) = 0, T has an inverse T _1 G M: 

T _1 = V*V\T\~ 1 V* = V^VITIV*)' 1 , 

where V* is Haar unitary and, according to Lemma |33J it is *-free from V^TIV™ and thus 
from (1/|T|V*) _1 . This shows that T _1 is i?-diagonal. ■ 

3.7 Lemma. Let S,T G M, and let V G M be a Haar unitary. If S, T and V are *-free, 
then VS and TVS are R-diagonal. 

Proof. The case where S and T are bounded was treated by F. Larsen (cf. [Lai, 
Lemma 3.6]). Our proof resembles the one given by F. Larsen. 

Enlarging the algebra if necessary, we may assume that there are Haar unitaries Vi, V 2 G 
M, such that Vi, V 2 and S are *-free and V = V1V2. 

Since W*(S) C M is finite, there is a unitary XJ X G W*(S) such that S = Ui\S\. Then 
VS = ^(JWOISI, where 

(i) V\ is *-free from \S\ and V^tA, 

(ii) r(^) = r(V7) = and t{V 2 U x ) = r{{V 2 U x f) = 0, 

(iii) for all A G W*(\S\) with r(A) = 0, t{V 2 U x A) = r(V r 2 )r(f/ 1 A) = 0, r(AU^V 2 *) = 
t{AU*)t{V*) = and r^V^A^U^- 1 ) = r{A) = 0. 

It follows now from |VH Lemma 2.4] that Vx(V 2 Ui) is *-free from | jS* [ . Thus, if Vi(V 2 Ui) 
is Haar unitary, then S is .R-diagonal. Since V\ is *-free from V 2 U X , we get from [HL, 
Lemma 3.7] that for every n G N, the operators 

v?, v^^ujvl-* 1 , v l {v 2 u 1 )v l -\ v 2 u x 

are *-free. Consequently, 
r((ViV 2 U 1 ) n ) = riV^V^iV^V^Wt^V^Vr 2 ] ■ • • [^(WiMWi) 

= r(v;")r([v 1 1 -"(\/ 2 f/ 1 )vr 1 ][^"(^f/i)vr 2 ] • • • [^(WO^im) 

= 0. 
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Then r{{V 1 V 2 U 1 )- n ) = T({V 1 V 2 U 1 ) n ) = 0, and V 1 V 2 U 1 is Haar unitary. Therefore VS = 
V^U^S] is ^-diagonal. 

Now, TVS = V(y*TVS). Put 

Bi = W*(V), -B 2 = W*(T), and B 3 = W*(S). 

Then Si, S 2 and S3 are *-free. We may write T as T = U 2 \T\ for a unitary U 2 G S 2 . 
Then 

V*T^ = (V*U 2 V)V*\T\V, (3.1) 
where F*|T|V is affiliated with V*S 2 V '. 

S 3 and V*H> 2 V are *-free, and according to |HL| Lemma 3.7], Si and V*'B 2 V are *-free. 
But then V is *-free from S 4 = S 3 V ^*S 2 1/. 

Since S and V*TV are both affiliated with S 4 , their product, V*TVS, is affiliated with 
S 4 , so V is *-free from V*TVS. It follows now from the first part of the proof that 
TVS = V(V*TVS) is ^-diagonal. ■ 

3.8 Proposition. If S, T G M are *-free R-diagonal elements, then ST is R-diagonal as 
well. Moreover, 

H(ST)*ST = Hs*s ht*t- (3.2) 

Proof. Taking a free product of tracial von Neumann algebras if necessary, we can find 
a von Neumann algebra N with faithful, normal, tracial state 10 and *-free elements 
Ui, Hi,U 2 , H 2 G N such that Ui,U 2 are Haar unitaries, H 1 ,H 2 > 0, and S ~ £A-£^i and 

T~U 2 H 2 . 

*D 

Choose trace-preserving ^-isomorphisms 

fa:W*(S) - W*(£/i#i), 
2 : W(T) -> W/*(C/ 2 iJ 2 ), 

with 0i(S') = tAifi and 2 (T) = U 2 H 2 . 0i and 2 give rise to a trace-preserving *- 
isomorphism 

= 0! * 2 : W*(S) * W*(T) -> W*(C/ii?i) * iy*(£/" 2 # 2 ) 

(the free products are taken within the category of tracial von Neumann algebras) with 

0(ST) = 0i(S)0 2 (T) = V X H X U 2 H 2 . 

Thus, ip := 0|vy*(sr) is a trace-preserving ^-isomorphism onto W*(UiHiU 2 H 2 ) with 
4>(ST) = UiHiU 2 H 2 . According to Lemma l3~7| Ui(HiU 2 H 2 ) is -R-diagonal, and hence 
ST is .R-diagonal. 

In order to prove ()3.2|) . note that if S = 0, then ^5* 5 = 5q, so that by the definition of 
multiplicative free convolution given on p. 744 in |BVj . 

/X5.5 K /1 T » T = 5 K A*T*T = ^0- 
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This shows that fis*s ^ Ht*t = H(st)*st if S = 0. The same holds if T = 0. 
Now assume that 5, T ^ 0. Note that 



S*S ~ iff, 

(st)*st ~ h 2 u;h 2 u 2 h 2 . 

Thus, (JSH holds if 

^H 2 U*H^U 2 H 2 = VH\ ^ /Afff ■ 

For every nGN, the bounded operators 

S n = UiHi l[ 0)n ](ifi) 

and 

T n — U 2 H 2 l[o in ](.H2) 

are *-free. According to |HH Lemma 3.9] they are both .R-diagonal in the sense of Nica 
and Speicher (cf. |NSj ). Then, by |HH Proposition 3.6], 

V(S n T n )*S n T„ = ^S*S n ^^T*T n - (3.3) 

Since S n — > £/ii?i and T n — > U 2 H 2 in the measure topology, (S n T n )* S n T n — > H 2 U 2 HfU 2 H 2 

in measure as well. These facts imply that u, s *s n ^ Hr*T n ^ Hn* and ^{S n T n )*s n T n ^ 
^h 2 u^hIu 2 h 2 ■ Moreover, fi H 2 ^ 5 and fi H 2 ^ S , because S*S and T*T are non-zero. 
Hence, by |BV| Corollary 6.7] and by ()3.3|) . 



^H 2 u:mu 2 H 2 =w* - lim H /i T *T n = E 



3.9 Proposition. Let S G M be R-diagonal, and let n G N. Then S fn is R-diagonal. 
Moreover, 

V(S")*S" = Hs*s- ( 3 - 4 ) 



Proof. Choose a von Neumann algebra 3\f with faithful, normal, tracial state u; and with 
*-free elements U, H G N such that [/ is Haar unitary, H > 0, and 5 ~ [/if. Then 

S n ~ ([/F) n . Since 

(f/F) n = L rn [C/ 1 - ri FC/"- 1 ][C/ 2 - n /JL rn - 2 ] ■ ■ • [U^HUjH, 

where 

U n , U x - n EU n - x , U 2 ~ n HU n - 2 ,..., U~ l HU, H 

are *-free (cf. Lemma [3.51 (ii)). and U n is Haar unitary, Lemma [3.71 gives us that (UH) n 
is i?-diagonal, and hence S n is. 
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In order to prove (|3.4|) . note that if 7x5*5 = 5 , then 5 = S 1 " = and ()3.4|) trivially holds. 
Now assume that 7x5*5 7^ <5o- For fceN define and G N by 

Sfc = S , l[ ,fc](|S'|) and T k = U H l [0ik] (H). 

Then ~ S k . Moreover, by Lemma 13.71 T k is .R-diagonal in the sense of Nica and 
Speicher, so S k is i?-diagonal. It now follows from HL, Proposition 3.10] that 

Kin Kin / r\ 

^[(S fc )"]W = /%W(T fc )" = A*T*T fc = A*5*S fc " (3.5) 

As tends to infinity S* k S k -> S*S and [(5 fc ) n ]*(5 fc ) n -> in the measure topology. 

Since 7x5*5 7^ Sq, we infer from |BV| Corollary 6.7] and from ()3.5|) that 

7x ( 5n)*5« =w*- lim =w* - lim 7x^5 = TxflV ■ 



3.10 Definition. For 71 G Prob(M, B) let 71 denote the symmetrization of 71. That is, 
7I G Prob(lR, B) is given by 

jl{B) = \{ii{B)+ii{-B)), (B G B). 



3.11 Proposition. Let S, T 6 M be *-free R-diagonal elements. Then 

£l\S+T\ = /X|5| ffl A|T|- (3.6) 

Proof. As in the proof of Proposition l3.8l choose (N, u) and *-free elements Ui, Hi, U 2 , H 2 G 
USf such that 2/i, L/2 are Haar unitaries, Hi,H 2 > 0, and 5 ~ and T ~ U 2 H 2 . 

Again, for n G N, let 

Sn — UiHi l[ 0i n](Lz r i) 

and 

^ra — ^2 #2 l[0,n](-f^2)- 

Then S n and T n are *-free and i?-diagonal and therefore, according to |HH Proposi- 
tion 3.5], 

fi\Sn+T n \ =P>\s n \ fflA|T„|. (3.7) 

1 5^1 — > Hi and \T n \ — > H 2 in measure, implying that 7X|5 n | —> \in x = fi\s\ and n\T n \ ^> 
7^2 = A^ti • Then we also have weak convergence of the symmetrized measures: 

_ W* ~ j to* ~ 

V\s n \ ~* V\s\ and 7X| Tn | — »• \l\ t \. 

Let d denote the Levy metric on Prob(IR, B) (cf. |BV| p. 743]). Then d induces the 
topology of weak convergence, and according to |BV1 Proposition 4.13] and the above 
observations, 

d(fi\s\ ffl£|Tj,At|s„| fflA|T n [) < d(jl lsl , fi lSnl ) + d(7X| T |,7X| Tn |) ^ as rx -> 00. 
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It follows that 



/}| S | ffl fl m = w* - lim /i| Sn | ffl fl ]Tnl 

n — »oo 

= w* - lim jl\s n +T n \- (3.8) 

n— >oo 

Since S and T {U\Hi and U2H2, resp.) are *-free with 5* ~ U\H\ and T ~ U2H2, it 
follows that S + T ~ C/i^i + [/ 2 # 2 . Moreover, \S n + T n \ -> |Z7 x iJ a + *7 2 iy 2 | ~ IS + T| in 

measure, and thus jl\s n +T n \ — ► ^\s+t\ • Finally, this implies that 

fi\s\ ffl/i|T| = /i|S+T|- ■ 



We close this section by proving two simple results on the ^-transform of probability 
measures on (0, 00) (cf. [BVj). 

For n G Prob((0, 00), 1) define W : C \ (0, 00) -> C by 

f°° 1 

M*) = J Tr^ d ^*) _1 ' 2ec\(o,oo). (3.9) 

Then if)^ is analytic and satisfies 

(i) <(t)>0, tG (-oo,0), 

(ii) ^-1 asz^ —00, 

(iii) ijj^z) — > as z — >• 0. 

Hence, ^ maps a (connected) neighbourhood of (—00, 0) injectively onto a neighbour- 
hood V M of (-1, 0). Define § M : V M ^ C by 

x M (s) = ^\z), zeV„ (3.10) 

S„(z) = — ^ eA V (3-11) 



3.12 Proposition. Tie map // 1— > S M is one-to-one on Prob((0, 00), B). 

Proof. Suppose //, v G Prob((0, 00), B) with = S^. That is, in a neighbourhood 
V = R V u of (—1, 0), Xfi agrees with Xv It follows that on (—00, 0), ip/i agrees with 
and then, by uniqueness of analytic continuation, 

Mi) = Mi), agc\[o,oo[. (3.12) 

That is, the Stieltjes-transforms and G u agree on C \ [0, oof. Recall that 

dfj,(x) = — ^ lim 2/ _ > o+ Gfi( x + iy)dx (3.13) 
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(weak convergence of measures), and similarly, 

du(x) = — - lim 2/ _ >0 + G u (x + iy)dx. (3-14) 

Thus \x = v. m 

3.13 Proposition. Let M be a Ili-factor with tracial state r, and let a E M + with 
ker(a) = {0}. Then for all z in a neighbourhood of (—1, 0), 

K-A z ) = *-A — -■ ( 3 - 15 ) 



Proof. Let z E C \ [0, oof. Then 



^a-i(^) = / 1 _ dfi a -i (t) - 1 







oo J 

d/i a (t) - 1 



1 — - 

o 1 t 

00 z 







t - z 



d/ia(t), 



and hence 

ik-i® = - Jo" lit d/i a (t) = -(V>.(*) + I)- (3.16) 

It follows that for all z E C \ [0, oof, 

« = Xa(VvW) = Xa(~l - ^a-i(i)), (3-17) 

implying that u> = ^ a -i(-) satisfies 

..11 . 

Xa-i(w) = - = — r, (3.18) 

2 Xa(-I-W) 

and thus 

§ M H-§J-1- W ) = 1. (3.19) 

(|3.19|) holds for all u> G ^ a -i(C \ [0, oof) and in particular for all w in a neighbourhood of 
(-1,0). ■ 

4 The Brown measure of an unbounded R— diagonal 
operator 



The Brown measure of a general bounded /^-diagonal operator was computed in fHL, 
Theorem 4.4]. We will genralize this result to unbounded i?-diagonal elements in M A . 
Our proof will take a different route than the one in |HL| . This new approach will enable 
us to obtain an estimate of the p-norm of the resolvent (T — Al)^ 1 , < p < 1, for special 
i?-diagonal elements T (cf. Section 5). 
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4.1 Lemma. Let T G M be an R-diagonal element, and let U G M be a Haar unitary 
which is *-free from T. Then for every A £ C, 

|T-A1| ~ \T + \X\U\. (4.1) 

* 1) 

Proof. By passing to a larger algebra, we may assume that T = V\T\ where V G M is 
a Haar unitary and U, V and |T| are *-free. The case A = is trivial. For A ^ 0, let 
a = — j^p Then a>U*V is a Haar unitary which is *-free from T. Hence, 

aU*V\T\ ~ T. 



Therefore, 



IT - All ~ \aU*V\T\-Xl\ 

*D 

= \T-a\U\ 

= \T+\\\U\. 



4.2 Lemma. Let T G M be an R-diagonal operator, and define 

h{s) = ST({T*T + s 2 l)- 1 ), s>0. 
Moreover, for A G C \ {0}, set 

h x (s) = sr([(T - A1)*(T - Al) + sH]- 1 ). 
Then there exists an s\ > such that for s > s\, 



, , , >/l-4|A|^) 2 - l 
h W = h >\ 8+ 2h® 

Proof. By passing to a larger algebra, we may assume that there exists a Haar unitary 
U G M which is *-free from T. Then, according to Lemma f4.1[ 

IT - All ~ \T+\X\U\. 
It follows now from Proposition 13.111 that 

fi\T-Xl\ = fi\T\ ffl fi\X\l = A|T| ffl ^ 

where z/ = §(<5_|a| + 
For (3 > define 

fys = {w G C | < \w\ < (3, ^ < arg(w) < 7 -f}. 
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According to |BVt Corollary 5.8], there is a (3 > such that for every we!]^ 
where 



, P , ■ v 'l + 4|A| 2 n; 2 -l 
and 

Gfi m (is) = -ih(s), s > 0, 

whence 

% |T| (-ih(s)) + = G^>(-ih(s)) = js, s> 0. 

Take s\ > such that for every s > s\, —ih(s) 6 fig. Then, when s > Sa, 



V-,x, (-*(*)) = « + + • 

implying that 

/ , y/1 - 4\\\*h(8)* - 1 

h W = h >[ a + 2h® 

That is, when s > s\ and 

, yi-4|A|^-i 

+ 2h(s) 

then h(s) = h\(t). ■ 
Note that if 



y/l-4|A| 2 /l( g ) 2 -l 

+ 2h{s) 
then (s, t) satisfies the following equation: 



-«>(sGT- +t ) = i*i*- (4 - 2) 



In the following we will investigate this equation further. 

4.3 Definition. Let m, n e N, and let [/ be an open set in IR m . A map / : U —>■ M n is 
said to be analytic if it has a power series expansion in m variables in a neighborhood of 
every x G U. 

We shall need the following two well-known lemmas about analytic functions of several 
variables: 

4.4 Lemma. Let U be a connected, open subset ofMJ 71 . If f,g : U — > are two analytic 
functions which coincide on a non-empty, open subset V ofU, then f — g. 
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4.5 Lemma. Let U C M. m be open and let f : U — > M m be an analytic function for which 
the Jacohian 3(x ) = detf'(x ) is non-zero for some x E U. Then f is one-to-one in 
some neighborhood V ofx , and the inverse of f\y is analytic in a neighborhood of f(x ). 

4.6 Lemma. Let \x be a probability measure on [0, oo), and define 

r°° s 

h(s) = j( ^dM«), S >0. (4.3) 

Then h is analytic on (0, oo). Moreover, if /i is not a Dirac measure, then for all s > 0, 

< h(s) < - and h'(s) < ^ - 2h(s) 2 . 
s s 



Proof. Since 



2 Jo \s + m s — m I 



h has a complex analytic extension 

h : {z e C | Imz > 0} -> C 

given by the same formula. In particular, h is an analytic function of s G (0, oo). If u, is 
not a Dirac measure, then /j, ^ 5 , and so h(s) > for all s > 0. Moreover, 

roc g 2 

sh(s)= / — rd/l(«) < 1, s > 0. 

Jo s + M 

Finally, for s > 0, 

Ms)2 = rr ^hr^ Mu)Mv) 



'0 ./0 

r-OO /"OO 



< 



/ 77J— 777 d M«) 
./o 



(s 2 + W 2 ) 2 

d M M ) + / 7~77 — 777 d M«) 



Hence, 



2 Wo (s 2 + « 2 ) 2 ^ J J (s 2 + « 2 ) 2 



^(s) < Mfl _ 2 />( s ) 2 , 
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and equality holds if and only if the product measure /x(g)/i is concentrated on the diagonal 
{(u, u) | u > 0}. But this would imply that /i is a Dirac measure. Thus, if /i is not a Dirac 
measure, then 

h'( s ) <^1- 2h{s)\ s > ■ 



4.7 Lemma. Let /i be a probability measure on [0, oo) which is not a Dirac measure, 
and put 

Ai(/x) = I / — d/i(u) and A 2 (/i) = / u 2 d/i(u) 



o 



with tie convention that oo 2 = 0. Then < Ai(/u) < A2(/i) < 00. 

Proof. Clearly, Ai(/i) < 00, and since /i 7^ 5 , A 2 (/i) > 0. The lemma is then trivially true 
if Ai(/i) = or A 2 (/i) = +00. Thus, we can assume that Ai(/i), A 2 (/i) G (0, 00). Then, by 
the Schwartz inequality, 



1 1 

2 / />on ^ \ 2 



Ai(//) yio " / V Jo u2 

f°° 1 
> / u — du,(u) 
Jo u 



= 1, 

and equality holds if and only if for some c G (0, 00), - = cu holds for /i-a.e. w G [0, 00). 
However, this can not be the case when /x is not a Dirac measure. ■ 

4.8 Lemma. Let fi, \\{u) and A 2 (/i) be as in Lemma \4.7\ and let h be as in Lemma \4. 61 
Then put 

fc(s,t) = (s-t)( — ^ -s + t I, s > 0, tel. 
yh(s) J 

Then k is an analytic function on (0, 00) x R. Moreover, for t > the map s 1— > fc(s, t) is 
a strictly increasing bijection of (t, 00) onto (0, 00), and for t = the map s 1— > fc(s, t) is 
a strictly increasing bijection of (0, 00) onto (Ai(/i) 2 ,A 2 (/x) 2 ). 

Proof. Clearly, k is analytic. Moreover, 

h^-wr^-'x+iU 1 (4 ' 4) 

For s G (0, 00), we get from Lemma 14.61 that 

|(. S ,0) = ^fM£)-2A W ! -ft'W|>0, 
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and 

dk . . 1 

Since the right-hand side of ()4.4j) is an affine function of t G R, it follows that 

dk 

— (s,t)>t, s>0, te[0,s}. (4.5) 

Hence, s i— > k(s,t) is a strictly increasing function of s G (i, oo) for every £ G [0, oo). For 
s > t > 0, 

^{s',t)ds'> J tds' = t{s-t). (4.6) 

Hence, when t > 0, 

lim /c(s, t) = oo, 

s— >oo 

and 

lim fc(s,t) = £;(t,t) = 0. 
Thus, s i — > k(s,t) is a bijection of (t, oo) onto (0, oo). 

Next, consider the case t = 0. We have already seen that s i— > /c(s, 0) is strictly increasing 
on (0, oo). Note that for s > 0, 

where 

/■oo ^2 /-co -j_ 

n(s) = / ^q^ d ^ u ) and d ^ = J -^Tu* d ^ u) ' 

By the monotone convergence theorem, 

lim n(s) = 1, 

f°° 1 s 1 

lim <i(s) = / — d/i(w N 



and 



Hence, 



and 



s^o+ Jo u 2 ^i(/x) 2 ' 

/>oo 

lim s 2 n(s) = / w 2 d/x(tt) = A2(/i) 2 , 
lim s 2 d(s) = 1. 

s— >oo 

lim fc(s,0) = Ai(/i) 2 , 

s— >0+ 



lim jfe(s, 0) = A 2 (/i) 2 . 
This shows that s i— ► 0) is a bijection of (0, oo) onto (Ai(/i) 2 , A2(/^) 2 ) 
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4.9 Definition. Let //, Xi(u) and A2(/i) be as in Lemma 14.71 let h be as in Lemma 14.61 
and let k be as in Lemma 14.81 For X,t G (0, oo), let s(X,t) denote the unique solution 
s G (i, oo) to the equation k(s,t) = A 2 (cf. Lemma l4~8|) . and for A G (Ai(/i), A2(/i)), let 
s(A, 0) denote the unique solution s G (0, oo) to the equation k(s, 0) = A 2 . 



4.10 Lemma. The function (A,t) i— > s(A,i) is analytic in (0, oo) x (0, oo). Moreover, for 
A G (Ai(/i), A 2 (//)), 

hm s(X,t) = a(X,0). (4.7) 

Proof. Let 

ft = {( s> t) g M 2 | < t < s}. 
According to Lemma f4. 81 k is a strictly positive, analytic function in Q. Let 



F{s,t) = (y/k(s,t),t), (s,t)en. 

Then F is analytic in Q, and by Lemma f4. 81 F is a one-to-one map of Q onto (0, oo) x 
(0, oo). Moreover, its inverse F _1 : (0, oo) x (0, oo) — > is given by 

F-\X,t) = (s(X,t),t), s,t>0. 

The Jacobian of F is 

which by (|4.5jl is strictly positive for all (s, t) G Vt. Hence, by Lemma l4.5| F~ x is analytic 
in (0, oo) x (0, oo). In particular, s(A, t) is analytic in (0, oo) x (0, oo). 

Now, let Ao G (Ai(/i), X^ifi)) and put so = s(Ao,0). Then fc(s ,0) = A 2 ,, and by the proof 
of Lemma Ol ff(s ,0) > 0. Let 



F {s,t) := (v^M.t). 

F is then analytic in some neighborhood U of (s ,0). Moreover, d(F )(s ,0) ^ 0, 
and therefore, by Lemma 14.51 F has an analytic inverse Fq 1 in a neighborhood Vq of 
F (s ,0) = (A ,0). Clearly, F _1 (A,t) = F' 1 (A, t), whenever (A,t) G K n [(0, oo) x (0, oo)], 
and then and F -1 (A, t) G fi. 

Note that 

\im Fu l (X ,t) = F -1 (A Q , 0) = ( So ,0), (4.8) 

and since the second coordinate of F _1 (Ao,t) is t, we conclude that F _1 (Ao,t) G fi, 
eventually as t —>■ 0+. Hence, 

(s ,0) = hmFo-^Ao,*) 
= lim F _1 (Ao,t) 
= ^m(s(A ,t),t), 
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and therefore, 



lim s(X ,t) = s = s(A o ,0). 



4.11 Remark. We get from Lemma [4.1 01 that 



and 



hm s(X, t) = 0, < A < Xi(fj), (4.9) 



Urn s(X,t) = +oo, A>A 2 (/i). (4.10) 



Indeed, for fixed t > 0, A i— > s(A, t) is a monotonically increasing function of A. Hence, if 
< A < Ai(//), then 

limsups(A,t) < limsup s(X', t) = s(A',0), 
for all X' E (AiO),A 2 Gu)). 

But A' I— > s(A', 0) is the inverse function of s i— > \/k(s, 0), and hence A' i— > s(A', 0) is a 
bijection of (Ai(/x), A 2 (/i)) onto (0, oo). It follows that limsup t _ >0 + s(A, t) = 0, and this 
proves (|4.9j) . 

For A > A 2 (/i), a similar argument shows that liminf i _ >0 + s(A, t) = +oo, and this proves 



4.12 Lemma. Let A > 0. Tien 
fi) hm t _ +0O (s(A,i) -t) = 0, and 

(j'i) tnere exists at\>0 such that when t > t\ and s = s(X,t), then 



y/l+4A 2 /l(s) 2 -l 

S+ 2/i( S ) 

Proof. Fix i > 0, and put s = s(A, i). Then by Definition \4S)\ s > t and k(s,t) = A 2 . 
According to (|4.6|) . k(s,t) > t(s — t). Hence, 

A 2 

< s-t < — . 

t 

This proves (i). With s and t as above, 

x 2 = k(s,t) = ( 8 -t)(j^-s + tj. 

Solving this equation for t, we get that t is one of the two numbers 

1 , y/l + AX 2 h{ S ) 2 

38 



If t = t_, then 

1 

s - t> 



2h( s y 

and since — > oo as s — > oo, this can not hold for large t because of (i). Hence, t = t+ 
for t sufficiently large. ■ 

Combining the previous lemmas we get: 

4.13 Proposition. Let T G M be an R-diagonal element, let A G C \ {0}, and define 
h(s) and h\(s) as in Lemma FOl Let n = h\t\, and let s(|A|,£) be as in Definition \4.<A 
Then 

h x (s(\\\,t)) = h(t), t>0. 
Proof. According to Lemma f4. 121 if t > t\ X \ and s = s(\X\,t), then 



J\ + A\ 2 h(s) 2 - 1 
+ 2h(s) 

Since s(|A|,t) > t, we infer from Lemma f4. 21 that for t sufficiently large, 

h x (t) = h(s(\X\,t)). 

Hence, by Lemma f4.4l and Lemma f4.10[ the same formula holds for all t > 0. ■ 

4.14 Lemma. Let T be an unbounded R-diagonal element in M A , let A G C \ {0}, and 
let t > 0. With u. = /im and s(|A|,t) as in Definition 14.91 we then have: 





M 


2 




2 + (s 


(\\\,t)-ty 



A((T - A1)*(T - Al) + t 2 l) = ■ ,, 2 A(T*T + ,(|A|, t) 2 l). (4.11 



Proof. Since T is i?-diagonal, T ~ cT for all c G T. Hence, the left-hand side of (|4.11j) 
depends only on |A|. It therefore suffices to consider only the case A > 0. For A, t > 0, let 

#(t) = | logA(T*T + t 2 l) 

and 

H x {t) = \ log A((T - A1)*(T - Al) + i 2 l). 
Then with /i A = //|t-ai|, 

oo 

2 i j-2\ 



and 



H(t) = -I \og(u 2 + t 2 )du,(u) 



1 f 00 

^a(*) = 2 I ^g(u 2 + t 2 )dfM X (u). 
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Since T and T — Al belong to M A , H and H\ take values in R. Moreover, H and H\ are 
differentiable with derivatives H'(t) = h(t) and H' x (t) = h\(t). Also, since T £ M A , 

i r°° ( u 2 \ 

lim (#(t) - log t) = - lim / log 1 + — d//(u) = 0, (4.12) 

and similarly 

]im(# A (t) -log*) =0. (4.13) 

t^oo 

Fix A > and to > 0. There is a constant C such that 

H x (t)= fh x {t')dt' + C. 
Jt 

Moreover, according to Proposition 14.131 

h x (t) = h(s(X,t)), t>0. 

Put s(t) = s(X,t) and w(t) = t-s(t). Then s(t)+u(t) = t and s'(t) +u'(t) = 1. Moreover, 
by Definition |Ol 



Hence, 



implying that 



M(t) l/^))- M(t) l =A2 



x 2 + u (ty 

It follows that 

-t pt 
h\(v)dv = / h(s(v))(s'(v) + u'(v)) dv 

to J to 

t 



H(s(t)) - H( sM ) + i log ( + i log ^ + " (t ° ); 



Hence, 



2 to I A 2 + u(t) 2 12 \ A 2 



ff A (t) = ff( g (t)) + llog[ - ■ . A ' ^ | 



2 & \ v A 2 + (s(t)-t) 2 

for a constant C. Recall that s(t) — t^Oast— > oc (cf. Lemma f4.12|) . It then follows 
from ()4.12|) and ()4.13|) that C must be 0. This finally shows us that 



exp(2tf A (i)) = A2 - { f (t) _ t)2 ex P (2H(t)), 



and this proves (|4.11 
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4.15 Theorem. Let T e M A be R-diagonal, let \i = fj,\ T \, and let s(|A|,0) be as in 
DeGnitionEM 

(i) If Ai(/i) < |A| < A 2 (/i), then 

A(T - Al) = ( — . — A(T*T + s(\X\, 0) 2 1) 



(nj If |A| < Ai(^), then A(T - Al) = A(T). 
(Hi) If |A| > A 2 (/i), then A(T - Al) = |A|. 

Proof. The theorem is obviously true for A = 0. Moreover, as in the proof of Lemma T4. 141 
it suffices to consider the case A > 0. Note that 

A(T - Al) 2 = Km A((T - XI)* (T - Al) + t 2 l). (4.14) 

Hence, (i) follows from Lemma 14.101 and Lemma 14.141 If < A < Ai(/i), then by Re- 
mark li m t^o+ S (A, t) = 0. Hence, (ii) also follows from Lemma 14.141 Now suppose 
A > A 2 (yu). Then s(A, t) — > oo as t — >• 0+. The right-hand side of (|4.11|) is equal to 

A 2 s(A,t) 2 A(T*T-s(A,t) 2 l) 



A 2 + (s(A,t)-t) 2 s(A,t) 2 

where the first factor converges to A 2 as t — > 0+, and the second factor converges to 1 (cf. 
(J3H2J). (iii) now follows from (gTTTj) and (JHHJ). ■ 

4.16 Remark. Note that 



y M 2 d/i| T |(w) j = \\T 



111 — 1 

1 1 2 ) 



and 

_i 

where ||T _1 ||2 := +oo in case ker(T) ^ 0. 



4.17 Theorem. Let T be an R-diagonal element in M A with Brown measure /it, and 
suppose fi\T\ is not a Dirac measure. 

(a) If ker(T) = 0, then 

supp(/x T ) = {A e C | ||T _1 || 2 1 < |A| < ||T|| 2 }. 
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Moreover, the S-transform of /im 2 is well-defined and strictly increasing on (— 1, 0) 
with 

S, |T|2 ((-1,0)) = (||T|| 2 M|T- 1 ||^), 

and a.? is the unique probability measure on C which is invariant under rotations 
and satisfies 

// T (£(0,S M|T|2 (£-l)-5)) =t, < t < 1. 

(b) ff ker(T) ^ 0, let P denote the projection onto ker(T). Then 

supp(yU T ) = {A G C | |A| < ||T|| 2 }. 

Moreover, the S-transform of /X|t| 2 is well-defined and strictly increasing on (t(P) — 1 
with 

S» m2 ((r(P)-l,0)) = (\\T\\fiOo), 

and [It is the unique probability measure on C which is invariant under rotations 
and satisfies 

fx T (B(0, S M|t|2 (t - 1)"3)) = t, t{P) <t<l. 

Proof. By definition, d//r(A) = ^:V 2 (logA(T — Al))dA (in the distribution sense). 
Hence, u.t can be determined from Theorem 14.151 in the same way as |HH Theorem 4.4.] 
is obtained from |HL[ (4.5)]: 

Using the same notation as in |HL| . we define functions /, g : (0, oo) — > K by 

/"°° 1 

f( v )= 1,22 d /W w )> 

and 

i - /op 

v 2 f(v) 

Moreover, for A G (HT" 1 ||j 2 , ||T|||), let v(X) denote the unique v G (0, oo) such that 
g(v) = A 2 . Then, in our notation, 

f( v ) = r((l + v^T)- 1 ) = v^hiv- 1 ), 

and 

M = \ T7~T\ -v- 1 \= k(v~\ 0). 



h(v 



Hence, 

s(A,0) 

and it follows that the formula (4.15) in |HLj . 



1 f 00 1 f \ 2 \ 

logA(T-Al) = - ^ log(l+t; V) d m H+- log f — — j , 



AedlT^L-MlTH 2 ) 
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is equivalent to the one in Theorem 14.151 (i). The rest of the proof of Theorem 14.171 is 
identical to the second part of the proof of [HL] Theorem 4.4], since boundedness of T is 
not a necessary assumption in the latter. ■ 

4.18 Remark. Let T G M A be .R-diagonal. Then supper) Q °~(T), and according to 
Theorem I4.17| 

supp(/i T ) = {A G C | HT^ 1 !^ 1 < |A| < ||T|| 2 }. 

Moreover, by arguments similar to the ones given in [HQ proof of Proposition 4.6], one 
can show that 

(a) if < |A| < then A G er(T) iff T does not have a bounded inverse, and 

(b) if |A| > ||T|| 2 , then A G cr(T) iff T is not bounded. 



5 Properties of z = xy 



-l 



Let M = L(W4) be the von Neumann algebra associated with the free group on 4 gener- 
ators. According to |Vlj or jVDNj, M is a Ili-factor generated by a semicircular system 
(si, s 2 , s 3 , s 4 ), i.e. the Sj's are freely independent self-adjoint elements w.r.t. the unique 
tracial state r on M, and Sj has distribution 



d ^ (<) = 1^ V4-t 2 1 [- 2 , 2] (t) dt , 1 < i < 4. 

Put 

Si + 1S 2 j s 3 + IS 4 

x = = — and y = = — . 

Then M = W*(x, y), and (x,y) is a circular system in the sense of jVDNj . Also, by 
[VDNj, \y\ has the distribution 

d/i M (t) = ^ V4-t 2 l [0 , 2 ](t) dt. 
In particular, ker(y) = 0. In this section we will study the unbounded operator 

z = xy^ 1 

as well as its powers z n , n — 2, 3, . . . We will need the following simple observation: 

5.1 Lemma. Let (/x n )^ =1 and \i be probability measures on M. with densities (f n )^=i and 
/, respectively, w.r.t. Lebesgue measure. If f n f a.e. w.r.t. Lebesgue measure, then 
jj, n — > fj, weakly. 



Proof. Recall that \i n ^ weakly iff for all G CqQSL), 

lim / (J)du, n = / (fidfj,. (5.1) 
n ^°° Jr Jr 
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Then, let G Co(M) with < < 1. ()5.1|) follows for such by application of Fatou's 
Lemma to each of the sequences of integrals J R <fif n dm J and I f R (l — (j))f n dm 



n=l \ / n=l 



5.2 Theorem. Let (M, r) and z = xy 1 be as above. 

(a) z is an unbounded, R-diagonal operator. 

(b) The distribution of z is given by 



d ^iW = ^rTt2 1(0 ' oo)(t)dt - (5 - 2) 



(c) For p G (0, 1), z, z~ x G L P (M, r), and 



-!||p 



(p-K 

cos — 
V 2 



-l 



< oo. (5.3) 



(ci) 2, 2 1 G M A , and the Brown measure of z is given by 



I 2 ) 2 

where ds = dRes dims is Lebesgue measure on C 



dM*0) = , |9N9 ds, (5.4) 

7T(1 + S 



Proof, (a) Let x = it|x| and y = v\y\ be the polar decompositions of x and y. Then, 
according to |VDN| . u, \x\,v and \y\ are *-free elements, and u and u are Haar unitaries. 
In particular, x and y are -R-diagonal and so is y~ x (cf. Proposition I3.fi|) . Moreover, y -1 
has polar decomposition 



— 1 * / I I — 1 *\ *l *l — 1 

V =v {v\y\ v ) = v \y \ , 



which implies that y 1 is affiliated with W*(y). Hence, x and y 1 are *-free, and it follows 
from Proposition 13.81 that z = xy -1 is -R-diagonal with 

= 8^ (*) S A.|„-i, a (*), *e(-i,o). 



The distribution of \x\ has density 



1 U — t 

MM*) = 2^ v ~~r 1(o ' 4)( ^^ dt ' 



and thus §„ 2 is given by 



WO 



for all t in a neighborhood of (—1,0) (cf. |HL| example 5.2]). Since \y~ l \ = 
\y\~ l ~ H -1 , we get from Proposition 13. 13l that 
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Then 



and 



1 + t' 



te (-1,0), 



(5.5) 



The inverse function of \n a is then 
and it follows that 



1 + t 



te (-1,0). 



-u 



l + J-u' 



u E (— oo, 0), 



G M Wa (A) = ^(i+^ wa (i) 



A < 0. 



(5.6) 



Let y/w denote the principal value of the square root of w for wgC \ (oo, 0]. Then both 
sides of (I5.6j) are analytic in C \ [0, oo). Thus, ()5.6|1 holds for all A G C \ [0, oo), and it 
follows that for t > 0, 



lim ImG u „ (t + m) = Im I 

7T «^0+ ^ z r y 7T 



1 



1 1 



t + lV*/ ny/i{t+l) 



For p G (0,1), 



dt 



7T 



(5.7) 



(5.8) 



Iq 1 + t sin(/37r) 

(cf. |Hat p. 592, formula 613]). The right-hand side of (|5.7|) therefore defines the density 
of a probability measure, and then, by Lemma f5.1[ the probability measures 

1 



converge weakly to 



ImG^ 2 (t + m) dt, u > 0, 

l(0,oo)(t) dt, 



7T M l + 

1 1 



7T 



Vt(t+l)™ W "" (5 ' 9) 

as«-> 0+. Hence, by the inverse Stieltjes transform, d/X| z p(i) is given by (|5.9jl . and then 

2 1 

d/^|(t) = - Y^Tj? 1 ( '°°)( t ) dt - 

This proves (a) and (b). 

In order to prove (c), note that according to (|5.8|) . 

r(k| P ) 



2 Z 100 


t p , 

^dt 

1 + t 2 


i r°° 

k Jo 


p-i 
dw 


sin f 


7r(p+ 1)^ 
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proving (c). Since L P (M, r) C M A , p > 0, z, z 1 G M A . According to Theorem 14. 17[ /i 2 is 
then the unique probability measure on C which is invariant under rotations and satisfies 

^(s(o,s Mw3 (t-i)-5)) = t, 0<t< 1. 

Then by 

^(5(0,^)) =t, 0<t<l, 



that is, 



j. 2 



fJ , 2 (B(0,r)) = TT -^, r>0. 



1 + r 2 

Hence, ^fj, z (B{0, r)) = tj^sw, and combining this with the fact that /i z is invariant under 
rotations, we find that fi z has density w.r.t. Lebesgue measure on C given by 

1 2r 11 

r > 0, 



27rr (l +r 2)2 ^(1 + ^)2' 

where r = |s|, s G C \ {0}. This proves (d). ■ 

5.3 Lemma. Let \x be a probability measure on [0, 00) and, as in section 5, put 

f°° s 

K 8 ) = 2 2 dfi(v), sG (0,oo). 
Jo s + u 

Then for < p < 2, 

[ u- p dfi(u) = -sin f 7 ^-) [ S - p h(s)ds. (5.10) 
Jo 71 v 2 J Jo 

Proof. By Tonelli's theorem, 

poo poo I poo 1— p \ 

X •-"*«)<*=/„ (/„ jr^)*** 

Letting s = we find (using ([5.8)1 ) that 



00 l-p 1 /-00 



7T 



7ip 

sin ' 



-1 



s 2 + w 2 ~"~ 2" J 1 + t 2L""V2 
This proves ()5.10|) . ■ 

5.4 Theorem. Let (M, r) and z be as in Theorem \5.2[ and let n£N. 

(aj z n is an unbounded R-diagonal operator, 
(b) 

f°° S ( -1 
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(c) Forp G (o, ^A, z n and z~ n both belong to L P (M, r), and 



(n+l)sin(^l 

\z n \\l=\\z~ n \\l= ~ 77 ZTT^ M • (5.12) 

I ll P II ll P V 7 



(dj Ifp G (o, ^) and A G C, then ker(z n -Al) ^ 0. Moreover, {z n -\l)~ 1 G L p (M,r) 



with 



(* n - Al)- 1 !^ < (5.13) 



Proof. According to Proposition 13. 9[ z n is i?-diagonal. Moreover, since 



n 



(\ n+l 
~TTt) ' £e(_1 ' 0) ' 

with inverse function 

(— u)™-*- 1 

Vv n ,2 W = ; M e (-oo, 0). 

Hence, for A G (— oo, 0), 

Let 



A I l+(-A) "TT 



/■°° S 

h n{s)=l d/X| z n|(tt), S G (0, oo) 

Jo s + u 



Then 



M*) = st^i + i^T)- 1 ) 



This proves (b). 

Since z = xy~ l , where (x,y) is a circular family, it is clear that z~ n ~ z n for all nGN. 
Hence, ||-2 n || p = ||-s _n || P for all p > 0. Note that for p > 0, 

= r(|2- n | p ) = T(\(z n )*\- p ) = r{\z n \- p ). 

Thus, by Lemma HHfl for p G (0, 2), 

/ M _p d/i| 2 n|(w) = -sin C^f) j s~ p h n (s)ds. (5.15) 
Jo 71 v ^ ' Jo 
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By application of (j5.11|) we find that 



n — 1 

f°° s -p-^+t 
s p h n (s) ds = —2- 

I! J 5"+! + 1 

2 



„ (n+l)p 

1 + t 



Then by (PTTnjl and (f5~Kj) . for < p < 



-||£ = (n+l)sin(^ 
= (n + 1) sin ^— 



sin ( 7r ( 1 



sin 



(n + l)p 



(n + 1)ttp 



(5.16) 



and this proves (c). Note that the right-hand side of (j5.16|) converges to oo as p — > ^tj— ■ 

2 

Hence, 2~ n ^ L™+ 1 (M, r), and the same holds for £ n . In particular, z n is not bounded, 
and this proves (a). In order to prove (d), let A 6 C \ {0}, and put 

f°° t 

hn,\(t)= dfJ,\ z n_ xl \(u), t > 0. 

Jo t + u 

Then by Prop osit ion 14 . 1 3\ 

K,x(t) = h n (s n (\X\,t)), t>0, 

where s n (|A|,t) is given by Definition 14.91 in the Note that, according to 

Definition EM 

s n (\\\,t)>t, t>0. 
Moreover, by (|5.11J) . h n is monotonically decreasing on (0, oo). Thus, 

h n ,x(t) <h n (t), t>0. 

It now follows from Lemma f5.3l that for p G (0, 2), 



u p d/i| 



z n -\l\ 



U P dyU|^n|(u) 



(5.17) 



According to (c), the right-hand side of ()5.17|) is finite for p G ^0, ^jj- Hence, for such 
p, kei(z n - Al) = 0, (z n - Al)- 1 G L P (M, r), and 



Aini£ < \\z~X- 



5.5 Remark. Note that Theorem 15.41 (a) and (c) generalize Theorem 15.21 (a) and (c) to 
all n G N. It is not hard to generalize Theorem 15.21 (b) and (d) as well. One finds that 
the distribution of \z n \ is given by 



sin 



, . 2 V n+l 

d/V|(t) = — 7 — ~ 



2 

n + l 



1 



(0,oc)(t) 



dt. 



and the Brown measure of z 11 is given by 

i 

dp, z n(s) 



IS « 



(1 + | s |n)2 

We leave the details of proof to the reader. 



dRes dims. 
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